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ABSTRACT:
In the paper we considered one class controlling differential inclusions with delay. For the control

system the minimax problem is researched. In the nosmooth control problem the necessary conditions of
optimality are obtained.
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INTRODUCTION
The theory of differential inclusions has effective applications in the theory of optimal control, in the

theory of differential equations with discontinuous right-hand sides, in differential games, in mathematical
economics and in other areas of mathematical research [1,2,3].

In studies of control systems under informational constraints, the properties of the ensemble of
trajectories, methods for estimating the reachability set and forecasting the phase state of the system, minimax
synthesis problems and others are of great interest. One of the approaches used in making decisions in
conditions of incomplete information is the principle of guaranteed management. This principle leads to
minimax control problems for the ensemble of trajectories of a dynamical system. Various problems of
controlling the ensemble of trajectories were considered in [4, 5, 6].

One of the important models of real control processes are systems with delays (deviations). Control
problems for such systems are more complex than systems without delay. Moreover, the specific of the
constructions method of optimal control depends on the degree to which the delay factor is taken into account in
the dynamics of the control system.

In connection with the control problems of dynamical systems with delays under conditions of
uncertainty, arise problems of controlling ensembles of trajectories of differential inclusion with delay. Some
properties of controlled differential inclusions with delays were studied in work [5, 8, 9]. In particular, the
conditions of compactness and convexity of the set of absolutely continuous solutions are revealed. In [9], for
such systems, the control problem with terminal constraints was considered.

2. The object of study and methods. Consider a mathematical model of a control system that is
described by a controlled differential inclusion of the form

dx X
EeA(t)x+ZAi(t)x(t—hi)+b(t,u),tZto, ueV, 1)

i=1
where X is the state N -vector, U is the control M -vector, A(t) and A (t), i =1,n, - NxN -matrices,
b(t,u) is a nonempty compact from R", hi >0, 1 :1,_n, - are delay constants, V is a convex compact

n
from R™, R" is N -dimensional Euclidean space with the scalar product (X, y) = ZXi Y; and the norm
i1

www.iejrd.com E-ISSN : 2349-0721



INTERNATIONAL CONFERENCE ON DIGITAL SOCIETY,
INNOVATIONS & INTEGRATION OF LIFE IN THE NEW CENTURY

||X|| =,/(X,X). We assume that the right-hand side of the differential inclusion (1) satisfy the following
conditions:
1) the elements of the matrices A(t) and A (t) i = 1,n, summableon T = [t,. 1. ];

2) a multivalued mapping (t,v) — b(t,V) is measurable in a variable t € T and continuous in a

variable V €V, moreover Sup ||}/|| < B(t), V(t,v)eT xV , where B(t) is a summable function on
yeb(t,u)

T=[t,.t,]
As admissible controls for system (1), we choose measurable bounded functions U =u(t),teT,

that take values almost everywhere on T from compact V . Denote by U (T) - the set of all admissible
controls. Let Cn(TO) be the space of N -vector functions continuous on Toz[to—h,to], where

h =maxh,. An admissible trajectory corresponding to the control U(-) €U (T) and the initial function
=Lk

@,() €C"(T,) is called continuous on T, =[t, —h,t,] and absolutely continuous on T an N -vector
function X = X(t) , satisfying differential inclusion (1) and the initial condition X(t) =g, (t),tT,.
Denote by H (U, qoo) the set of all admissible trajectories corresponding to the admissible control U(-) and the
initial function ¢,(-) € C"(T,).

Consider the set X (t;,U,¢,) = {§ eR": &=x(t), x() e H (u,goo)},t €T . According to the
results of [8], when the above conditions are met, the set X (t;,U, ¢,) is convex, closed and bounded for any

u() eU(T) and ¢, () € C"(T,).

Let the quality of the control process of system (1) be evaluated by a nonsmooth terminal functional

J(X()) =g(x(t)), x()eH(u,¢@,), where g(X) = Z Ensig (z,,PXx), P isa m xn -matrix,

i=1

Zi is a closed bounded set from R™ . The purpose of management is to obtain the guaranteed value of the

criterion J(X(*)) =g(x(t,)), X()eH(u,p,) . According to this goal, we consider the problem of

minimizing the functional

®(u)=SupJ (x())=_max g(s), @

x()eH (u,p)  S<X (o

it is required to find a control U"(-) € U (T), satisfying the condition
min max{g(¢): ¢ & X (t,,u, @)} =max{g(£) & € X (6" g}

ueU (T)
So, the following minimax optimal control problem for the ensemble of trajectories of system (1) has
been posed:

max g(&) — min, u e U(T). A3)

EeX(t,u,0)
3. The main results. We study necessary optimality conditions in problem (3). We put:

K K k
y :Zyi, y, =Pz, eR",Y :ZYi Y, =PZ. coY = Z:COYi is the convex hull of the set Y .
i1 i1 i1

Using the minimax theorem from convex analysis, we have:
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®(u)= max mln(gZ y) = m|n C(X(t,,u ®5),Y) ., where C(X(t,,u,p,),w)=max(&,y) is

EeX (ty,u,¢y) yecoY SeX (t,u,09)

the support function of a convex compact set X (t,, U, @,).

The following representation is true:

X (ty,U,90) = S(9,) + ] F(t,, 7)b(z,u(z))dz,

)

where F(t,7) —nxn is a matrix function satisfying the equation:

%=—F(t,r)A(r)—iF(t,r+hi)Ai(z'+hi), r<t, F(t,t-0)=E,
T i=1
F(t,z)=0, z2t+0, S(p,) = F(tvto)(”o(to)"‘iOj‘iF(tllt)Ai(t)(”o(t_hi)dt-

The support function of a set X (tl U, qoo) is expressed by the equality

COX (b, U @)1 = (S(90) 1) + [ C(F (&, DG, u(®), )t

to

Therefore, for functional (3), the following formula is true:

() = minl (S(po). ) + [ C(F &, DCL, u(), )t | @

to

We introduce the functional

p(y,u)=(S(g). y) + Jl.C(F(tl,t)b(t, u(t)), y)dt. ®)

to

Then formula (4) can be written as: ®(u) = min p(y,u). This representation of functional (5) allows
yecoY

minimax problem (3) to be written in the following form:
CD(u)smirlp(y,u)—>min, ueUu(). (6)
yeco

Let u*(t) teT, be the optimal control in problem (3). Then, by virtue of (6), we have:

min p(z,u )<m|n p(z,u), VueU(T). Hence,

yecoY

p(y",u”)=min p(y",u), ()

ueU (T)

where y* € cOY is the global minimum point of the function Y — p(y,u”), y € COY . Account the

functional (5), from (7) we obtain
°]
[ lmin C(F &, 0B(t 9. y) ~ C(F (. Dbt u* @), y ) e 0.
t

Hence, by virtue of the properties of the Lebegues integral, it follows that

C(F(t,, hb(t,u” (1)), y") =min C(F(t,,t)b(t, 9). y") ®)

for almostall t €T . So, the following necessary optimality condition holds.
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Theorem 1. Let U" =Uu"(t),t €T, be the optimal control in problem (3) and y* € COY be an

voluntary point of the global minimum of the function y — p(y,u"). Then equality (8) holds for almost all

teT.
Now we give a statement, clarifying the result of Theorem 1.

t
Consider the function  z(Y) = (S(,), ¥) + j min C(F(t,, t)b(t, 9, y)et.
to

Theorem 2. Let U”(t),t €T, be the optimal control in problem (3), and the functional p(y,U) has

the form (5). Then each point of the global minimum of the function Y — o(y,U”) on the set COY is a

point of the global minimum of the function z(y) on the same set COY .

CONCLUSION

The final result of the study of minimax control problems substantially depends on the properties of the
k
optimized functional. The function g(X) = Zmizn (z,,P.X) used as a terminal functional for estimating the
" Z,eL;
i=1
final state of the ensemble of trajectories of controlled differential inclusion (1) has the concavity property.
A new representation d(u) = min p(y,u) of the quality control criterion for the ensemble of

yecoY
trajectories made it possible to reduce the minimax problem (3) to the repeated minimization problem of the
form (6).

This functional o(Yy,u) of the form (5) is convex in a variable y € COY . Under the additional
condition of convexity of the support function C(b(t,V),) in a variable v €V , the functional p(y,u) is
be convex in the variable u € U (T).

Here, as a remark, we note that if the multivalued mapping (t,v) — b(t,V) is continuous in each

variable, and the class of admissible controls is limited to piecewise continuous functions, then the minimum
condition (8) holds forall t € T .

In this paper, we consider one minimax problem for one class of controlled differential inclusions. For
this problem the necessary conditions optimality are studied.
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